Abstract. We prove a rigidity type result for stratified nilpotent Lie algebras which gives a positive answer to a special case of a conjecture formulated by M. Cowling and of another conjecture formulated by A. Korányi.
Introduction
The notion of a multicontact mapping refers to a (local) diffeomorphism of a differentiable manifold M endowed with a subbundle HM of the tangent bundle T M whose sections satisfy a Hörmander type condition [5] , and which splits as the sum HM = i≤m H i M of smaller subbundles, each of which is preserved by the differential of the mapping. Examples of this sort arise naturally in subRiemannian geometry. The geometric setup we are referring to is best formalized by introducing the structure of a stratified nilpotent Lie algebra at the tangent level, and hence a very natural case to examine is that of a connected and simply connected nilpotent Lie group G whose Lie algebra is stratified, viz. a Carnot group. Once a multicontact structure is selected, that is, a subbundle HG ⊂ T G (to which we refer as the horizontal or contact bundle), together with a splitting HG = i≤m H i G, a basic problem to address is the characterization of the possibly infinite dimensional Lie group of multicontact mappings. In particular, it is important to know whether it is finite dimensional, that is, when G is rigid.
When no splitting of HG is introduced and one simply looks at the mappings whose differentials preserve it (m = 1), rigidity is a classical notion that has been studied because of its applications to the theory of quasiconformal mappings [2, 7] and to the study of infinitesimal automorphisms of dynamical systems associated to graded Lie algebras [12, 15] . In [9] it is shown that a large class of nonrigid examples exists. As for multicontact structures, the reader is referred to [3, 4, 6, 8, 13, 14, 16] .
Our main contribution, Theorem 4.1, gives a partial positive answer to questions raised by M. Cowling in [1] and by A. Korányi in [6] . More precisely, the former is:
connected subsets of cosets of V i = exp v i into cosets of V i when i = 1 and 2. Then ϕ is automatically smooth, and the set of these maps is finite dimensional.
In this generality the above conjecture is actually false, as we recently learned from M. Cowling [10] , though it is still an open problem to determine under which minimal regularity conditions the smoothness assertion is true. In the present paper we assume smoothness and we prove finite dimensionality of the automorphism algebra of a closely related structure. In other words, we are interested in splittings of the ground layer of the kind g −1 = a 1 + a 2 (or, more generally, into m ≥ 2 subspaces), and we study the local diffeomorphisms of G whose differentials preserve each of the bundles obtained by left translating a 1 and a 2 .
As for Korányi 
We prove that if the subbundles D i = H i G satisfy the condition (ii) of Definition 2.1 below, which is modeled after Korányi's, then the vector fields for which [V, X] ∈ D j for all X ∈ D j and all j form a finite dimensional Lie algebra.
Preliminaries and notation
A nilpotent Lie algebra g over R has an s-step stratification if it can be written as
for every j ≤ −1. A Carnot group G is a connected, simply connected nilpotent Lie group whose Lie algebra is stratified and equipped with an inner product such that g i ⊥ g j , i = j. We denote the algebra of vector fields on G by X(G). By left translation, the space g gives rise to the tangent bundle T G and the subspace g −1 defines a subbundle HG of T G which is called a horizontal bundle or contact bundle. Equation ( 
where L denotes the Lie derivative. Thus a smooth vector field V is a contact vector field if and only if
that is, ad V preserves the horizontal bundle. Clearly, if a Carnot group G admits an infinite dimensional space of contact vector fields, then G is nonrigid in the classical sense. We are rather interested in the generalised notion of rigidity that was essentially introduced in [3, 4] .
Definition 2.1. We say that the stratified algebra g carries a multicontact structure if there exist vector subspaces a 1 , . . . , a m , m ≥ 2, of the first stratum g −1 that satisfy the following two properties:
(ii) for every 1 i ∈ m and for every X ∈ a i there exists j ∈ m, j = i, and
Remarks. (a) A sufficient condition for the existence of relevant multicontact structures is that
where z(g) denotes the center of g. Indeed, assume that (2.3) holds. Then any basis {X 1 , . . . , X p } of g −1 gives rise to a "finest possible" multicontact structure by putting a i = span{X i } for every i ∈ p. We shall refer to these structures as p-contact structures, where p = dim g −1 . Secondly, for any such basis there always exists a bicontact structure adapted to it, that is, a splitting of g −1 into the direct sum of two subspaces a 1 and a 2 that satisfy (ii), each of which is spanned by a subset of basis elements. We show this by induction on p. 
If g −1 = a 1 + a 2 were a bicontact structure, then it would be possible to say a 1 = span{A, B} and a 2 = span{C} with linearly independent A, B and C. Write X 2 − X 3 = aA + bB + cC. Then
Hence, if aA + bB = 0, then (ii) does not hold, whereas if aA + bB = 0, then a 2 ⊆ z(g) and again (ii) fails.
(b) Condition (2.3) is not automatically satisfied by all multicontact structures; that is, it is not a consequence of (ii), as the following example shows. Consider the stratified Lie algebra g = g −1 + g −2 , where g −1 = sp{X 1 , X 2 , X 3 , X 4 }, g −2 = sp{Y 1 , Y 2 } and the only nonzero brackets among basis elements are
It is immediate that X 2 − X 3 ∈ z(g) ∩ g −1 . Nevertheless, both of the following decompositions of g −1 satisfy (ii):
Indeed, for any X = αX 1 + βX 2 = 0 there exists X = γX 3 + δX 4 = 0 for which [X, X ] = 0, for if α = 0, we can take X = X 3 ; and if β = 0, we can take X = X 4 . Similarly, for any X = γX 3 + δX 4 = 0 there exists X = αX 1 + βX 2 = 0 for which [X, X ] = 0. Hence, the first splitting satisfies (ii). The second satisfies it trivially.
Suppose that g is a stratified Lie algebra that carries a multicontact structure, and let G denote the corresponding connected and simply connected group. By left translation, each a i generates a subbundle of the tangent bundle of G, denoted H i G. A diffeomorphism φ between open subsets of G whose differential preserves H i G at each point is called a multicontact mapping. We look at the infinitesimal version of this notion, that is, at the Lie algebra level. We say that a vector field V on G is a multicontact vector field if [V,
The Lie algebra of multicontact vector fields is the Lie algebra of the (possibly infinite dimensional) Lie group of multicontact mappings. We say that G is rigid relative to the multicontact structure if the Lie algebra of multicontact vector fields is finite dimensional. We prove that this is always the case in Theorem 4.1.
The nondegeneracy condition (ii) in Definition 2.1 seems somehow necessary. Indeed, if we weaken it by asking the requirement only for some of the spaces a i , we can easily find examples showing that rigidity fails. Consider the Lie algebra
are the only nonzero brackets. If a 1 = span{X 1 , X 2 } and a 2 = span{X 3 }, then for every vector in a 2 there exists a vector in a 1 with which it does not commute, but the converse is false, so (ii) is not true. Given exponential coordinates on G, it is easy to verify
The proof of our main contribution rests on the results proved by Tanaka in [12] in the context of his study of infinitesimal automorphisms of dynamical systems associated to graded Lie algebras. In the next section we review some of the basic constructs.
Tanaka prolongation
Tanaka introduces the notion of prolongation of a stratified nilpotent Lie algebra relative to a subalgebra g 0 of Der(g), the strata preserving derivations of g. It is a Lie algebra T (g, g 0 ) with the following properties:
is maximal among the Lie algebras containing g and satisfying (i) and (ii).
The construction of T (g, g 0 ) is as follows. First, we define a bracket on g + g 0 (direct sum of vector spaces) by keeping the brackets on g and g 0 and by setting
Skew-symmetry is imposed, so that g + g 0 is a Lie algebra. Inductively, for k > 0, g k is defined as the space of all homomorphisms u :
The bracket of two elements in the prolongation is defined in such a way that the Jacobi identity is satisfied, that is,
We say that
The following result is the content of Corollary 1 in [12] , p. 76. 
Rigidity
The structure of the Lie algebra of contact vector fields or multicontact vector fields is described by Tanaka prolongations. Choose
From [12] it follows that T (g; g 0 ) is of finite type if and only if
has finite dimension. Moreover, T (g; g 0 ) and M(g) are isomorphic when they have finite dimension (cf. [12, §6] or [15, §2.3] ).
By Theorem 3.1, in order to prove that the space of multicontact vector fields on G has finite dimension, it is enough to show that h p = {0} for some p ≥ 0. In fact, we will see that h 1 = {0}. Theorem 4.1. Every multicontact structure on a Carnot group is rigid.
Since h 0 consists of the derivations which vanish on the strata g j with j ≤ −2 and preserve each a i , hence a s and a * , we can represent its elements as matrices in gl(g −1 ). More precisely, if D ∈ h 0 , then relative to the chosen bases,
, where π s : h 0 → gl(a s ) and π * : h 0 → gl(a * ) are the natural projections. The fact that u(a s )a t = {0} for every t = s can thus be written as π * (u(a s )) = {0}. Now, for i ∈ p and j ∈ q,
where α 
